Abstract. By a result of Eliashberg, every symplectic filling of a threedimensional contact connected sum is obtained by performing a boundary connected sum on another symplectic filling. We prove a partial generalization of this result for subcritical contact surgeries in higher dimensions: given any contact manifold that arises from another contact manifold by subcritical surgery, its belt sphere must be nullhomologous in any semipositive filling, and in dimension five, it must be nullhomotopic in any symplectically aspherical filling. As a corollary, we deduce that the contact connected sum decomposition for tight contact structures in dimension three does not extend to higher dimensions: in particular, we exhibit connected sums of five-manifolds with Stein fillable contact structures that do not arise as contact connected sums. The proofs are based on holomorphic disk-filling techniques, with families of Legendrian open books (so-called "Lobs") as boundary conditions.
1. Introduction 1.1. The main result and corollaries. The idea of constructing contact manifolds as boundaries of symplectic 2n-manifolds by attaching handles of index at most n goes back to Eliashberg [Eli90b] and Weinstein [Wei91] . In this context, a special role is played by subcritical handles, i.e. handles with index strictly less than n. One well-known result on this topic concerns subcritical Stein fillings, which are known to be flexible in the sense that their symplectic geometry is determined by homotopy theory, see [CE12] . There are also known restrictions on the topological types of subcritical fillings, e.g. by results of M.-L. Yau [Yau04] and Oancea-Viterbo [OV12, Prop. 5.7] , the homology of a subcritical filling with vanishing first Chern class is uniquely determined by its contact boundary; this result can be viewed as a partial generalization of the Eliashberg-Floer-McDuff theorem [McD91] classifying symplectically aspherical fillings of standard contact spheres up to diffeomorphism. In dimension three, there is a much stronger result due to Eliashberg [Eli90a, CE12] : in this case every subcritical surgery is a connected sum, and the result states that if (M , ξ ) is a closed contact 3-manifold obtained from another (possibly disconnected) contact manifold (M, ξ) by a connected sum, then every symplectic filling of (M , ξ ) is obtained by attaching a Weinstein 1-handle to a symplectic filling of (M, ξ). This implies that symplectic fillings of subcritically fillable contact 3-manifolds are unique up to symplectic deformation equivalence and blowup-in particular, their Stein fillings are unique up to symplectomorphism.
The present paper was motivated by the goal of generalizing Eliashberg's connected sum result to higher dimensions. The natural question in this setting is the following: Question 1.1. Given a closed contact manifold (M , ξ ) that is obtained from another contact manifold (M, ξ) by subcritical contact surgery, is every (symplectically aspherical) filling of (M , ξ ) obtained by attaching a subcritical Weinstein handle to a symplectic filling of (M, ξ)?
Classifying fillings up to symplectomorphism as suggested in this question would be far too ambitious in higher dimensions, e.g. the strongest result known so far, the Eliashberg-Floer-McDuff theorem, is essentially a classification of fillings up to homotopy type (the h-cobordism theorem then improves it to a classification up to diffeomorphism). Our objective in this paper will therefore be to understand the main homotopy-theoretic obstruction to an affirmative answer to Question 1.1.
To state the main result, let us first recall some basic notions. A compact symplectic 2n-manifold (W, ω) with oriented boundary M = ∂W carrying a (positive and co-oriented) contact structure ξ is called a strong symplectic filling of (M, ξ) if ξ admits a contact form λ that extends to a primitive of ω on a neighborhood of ∂W . It is equivalent to say that the boundary is symplectically convex, as the vector field ω-dual to λ is then a Liouville vector field pointing transversely outward at ∂W . More generally, we say that (W, ω) is a weak symplectic filling of (M, ξ) if ξ is the bundle of complex tangencies for some ω-tame almost complex structure near ∂W that makes the boundary pseudoconvex (see [MNW13] ).
Recall that if (M, ξ) contains a (k − 1)-dimensional isotropic sphere S = {0} × ∂D 2n−k , which we call the belt sphere of the surgery. This surgery operation was first introduced by Weinstein [Wei91] , and we will give a more precise description of it in Section 3. A Weinstein handle yields a symplectic cobordism that can be attached to any weak filling (W, ω) of (M, ξ) for which ω is exact along S k−1 at ; the result is a weak filling of (M , ξ ) in which the belt sphere is necessarily contractible (Figure 1 ).
Our main result is the following.
Theorem 1.2. Suppose (M , ξ ) is a closed contact manifold of dimension 2n−1 ≥ 3 that has been obtained from a manifold (M, ξ) by a contact surgery of index k ≤ n − 1, with belt sphere S 2n−k−1 belt ⊂ M . Assume (W , ω ) is a weak symplectic filling of (M , ξ ).
(a) If (W , ω ) is semipositive, then the belt sphere represents the trivial homology class in H 2n−k−1 (W ; Z). (b) If (W , ω ) is symplectically aspherical, and if either (1) M is 5-dimensional, or (2) M is 7-dimensional and k = 3, then S 2n−k−1 belt is contractible in W , that is, it represents the trivial class in π 2n−k−1 (W ).
We now state two results that are applications of this theorem. Recall that in dimension three, convex surface theory gives rise to a contact prime decomposition theorem, implying e.g. that every tight contact structure on a closed 3-manifold of the form M 0 #M 1 arises as a contact connected sum of tight contact structures on M 0 and M 1 (see [Gei08, §4.12] ). Some evidence against a higher-dimensional generalization of this result recently appeared in the work of Bowden, Crowley and Stipsicz [BCS14] , providing also a negative answer to a topological version of Question 1.1: namely, there exist pairs of closed oriented manifolds M 0 , M 1 such that M 0 # M 1 admits a Stein fillable contact structure but M 0 and M 1 do not. This does not imply an actual answer to Question 1.1, as it is unclear whether the contact structure on M 0 # M 1 is a contact connected sum, i.e. whether it arises from contact structures ξ 0 on M 0 and ξ 1 on M 1 by performing an index 1 contact surgery. The following result says that the answer to the latter question is sometimes no. We will prove it in Section 6 as an easy consequence of Theorem 1.2 and Eliashberg's topological characterization of Stein manifolds [Eli90b] . Theorem 1.3. For any closed, connected and simply connected 5-manifold M not diffeomorphic to S 5 , and for any almost contact structure Ξ on M , the almost contact structure Ξ # Ξ on M # (−M ) is homotopic to a Stein fillable contact structure that does not arise as a contact connected sum of any contact structures on M and −M .
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Note that the contact structures in the above statement are necessarily tight in the sense of Borman-Eliashberg-Murphy [BEM14] ; this follows from Stein fillability, using [Nie06] and the observation in [BEM14] that any overtwisted contact structure is also PS-overtwisted.
The holomorphic disk techniques developed in this article can also be used as in the work of Hofer [Hof93] to prove the Weinstein conjecture for a wide class of contact manifolds obtained by subcritical surgery. The following theorem, proved in Section 7, is related to the well-known result that every subcritically Stein fillable contact form admits a contractible Reeb orbit. (A similar result specifically for index 1 surgeries appeared recently in [GZ14] .) Theorem 1.4. Assume (M , ξ ) is the result of performing a contact surgery of index k ≤ n − 1 on a closed contact manifold (M, ξ) of dimension 2n − 1 ≥ 3, with belt sphere S 2n−k−1 belt ⊂ M , and suppose at least one of the following conditions holds:
(1) [S with the following two properties: (a) Neither M 0 nor M 1 is homeomorphic to a sphere;
1 Given an oriented manifold M with almost contact structure Ξ, we denote by −M the same manifold with reversed orientation, and let Ξ denote the almost contact structure on −M obtained by inverting the co-orientation of Ξ.
(b) If M 0 and M 1 are both rational homology spheres, then either both are not simply connected or at least one of them has infinite fundamental group. Then every contact form for ξ admits a contractible Reeb orbit.
Remark 1.5. The condition [S 2n−k−1 belt ] = 0 ∈ H 2n−k−1 (M ; Z) can be rephrased as a condition on the attaching sphere S k−1 at ⊂ M , namely that there exists no homology
is either torsion or is not primitive. This follows by a Mayer-Vietoris argument.
Before discussing the proofs, some further remarks about the main theorem are in order.
Remark 1.6. We do not know whether the dimensional restriction in part (b) of Theorem 1.2 is essential, but given the wide range of known contact geometric phenomena that can happen only in sufficiently high dimensions, we consider it plausible that the statement could be false without some restriction of this type (thus implying a definitively negative answer to Question 1.1 in general). It is apparent in any case that our method will not work in all dimensions, as the improvement from "nullhomologous" to "nullhomotopic" involves subtle topological difficulties that increase with the dimension; see the beginning of Section 5 for more discussion of this.
Remark 1.7. It is clear that nothing like Theorem 1.2 can be true for critical surgeries in general, i.e. the case k = n. There are obvious counterexamples already in dimension three, as any Legendrian knot L ⊂ (M , ξ ) can be viewed as the belt sphere arising from a critical contact surgery-take (M, ξ) in this case to be the result of a Legendrian (+1)-surgery along L. It is certainly not true in general that arbitrary Legendrian knots are nullhomologous in every filling of (M, ξ)! Remark 1.8. The semipositivity assumption in part (a) of Theorem 1.2 is there for technical reasons and could presumably be lifted using more advanced technology (e.g. polyfolds, see [HWZ11] ). In contrast, symplectic asphericity in part (b) is a geometrically meaningful condition that, while not needed for Eliashberg's threedimensional version of this result, cannot generally be removed in higher dimensions; see Example 1.9 below. The answer to Question 1.1 thus becomes negative without this assumption.
Example 1.9. The blowup of the total space of the rank 2 holomorphic vector bundle O(−2) ⊕ O over CP 1 at the zero section can be viewed as a (not symplectically aspherical) weak filling of a subcritically Stein fillable contact manifold (M , ξ ) containing a belt sphere that is homotopically nontrivial in the filling. This is a special case of the following construction, which gives examples with subcritical handles of any even index k = 2m ≥ 2 in any dimension 2n ≥ 2k + 2 ≥ 6.
Choose integers m, ≥ 1 and set n = 2m + , and suppose (Σ, σ) is a 2m-dimensional closed symplectic manifold. Then consider the 2n-dimensional Weinstein manifold T * Σ × C , i.e. the -fold stabilization of T * Σ with its standard Weinstein structure, and denote its ideal contact boundary by (M , ξ ). Any Morse function on Σ gives rise to a Weinstein handle decomposition of T * Σ × C , such that the function's maximum q ∈ Σ corresponds to an (n − )-handle whose belt sphere S n+ −1 belt is isotopic to the unit sphere in T * q Σ × C . Let Σ ⊂ T * Σ denote the zero section, so Σ × {0} is an isotropic submanifold in T * Σ × C , and denote by π : T * Σ × C → Σ × {0} the obvious projection. Then for any ε > 0 sufficiently small, adding επ * σ to the natural exact symplectic form on T * Σ × C gives a weak filling of (M , ξ ) with Σ × {0} as a symplectic submanifold. We can then blow up along this submanifold, as explained in [MS98, Section 7.1]. This produces a new weak filling (W , ω ) of (M , ξ ), in which the belt sphere S n+ −1 belt ⊂ M is nullhomologous but homotopically nontrivial: indeed, every fiber T * q Σ × C has now been replaced by its blowup at the point (0, 0), which can be viewed as the tautological line bundle over CP m+ −1 , so the bundle projection sends S n+ −1 belt to a generator of π 2(m+ )−1 (CP m+ −1 ) ∼ = Z. The special case with Σ = S 2 and = 1 gives the construction described at the beginning of this example, because the total space of O(−2) is a deformation of T * S 2 .
The following represents another easy application of Theorem 1.2.
Example 1.10. Suppose (M 1 , ξ 1 ) is a contact 5-manifold obtained by a subcritical surgery of index 2 on a sphere (S 5 , ξ), where ξ is any contact structure. Then M 1 is diffeomorphic to either S 2 ×S 3 or S
2×
S 3 , i.e. the trivial or nontrivial 3-sphere bundle over the 2-sphere. Indeed, closed loops in S 5 are automatically unknotted, and the possible framings of the surgery are classified by the elements of π 1 SO(3) ∼ = Z 2 . If (W, ω) is any symplectically aspherical weak filling of (M 1 , ξ 1 ), then by Theorem 1.2, the fiber {p} × S 3 is a contractible 3-sphere in W . Now take (M 2 , ξ 2 ) to be the unit cotangent bundle of the 3-sphere or, more generally, any contact manifold supported by a contact open book with page T * S 2 and monodromy isotopic to a 2k-fold product of Dehn twists for some integer k ≥ 1. Then M 2 will be diffeomorphic to S 2 × S 3 , but (M 2 , ξ 2 ) admits a Stein filling that contracts to a bouquet of 2k − 1 three-dimensional spheres (see e.g. [KN05] ). We conclude that whenever (M 1 , ξ 1 ) admits a symplectically aspherical weak filling, it is not contactomorphic to (M 2 , ξ 2 ). This implies for instance that the contact structures induced on the ideal contact boundaries of T * S 3 and T * S 2 × C (cf. Remark 1.8) are not isomorphic.
There are presumably other ways to distinguish ξ 1 and ξ 2 in many cases, e.g. using Symplectic Homology, but the technique described above is much more topological.
1.2. Idea of the proof. Our proof of Theorem 1.2 is based on a higher-dimensional analogue of the disk-filling methods underlying Eliashberg's result in dimension three [Eli90a] . Such methods work whenever one can find a suitable submanifold to serve as a boundary condition for holomorphic disks, and the natural object to consider in this case is known as a Legendrian open book or "Lob". Let us recall the definition, which is due originally to the second author and Rechtman [NR11] .
1 whose binding B ⊂ L is an (n − 2)-dimensional isotropic submanifold of (M, ξ), and whose pages π −1 ( * ) are each Legendrian submanifolds of (M, ξ).
The simplest interesting example of a Lob occurs at the center of the "neck" in any 3-dimensional contact connected sum: here we find a 2-sphere S ⊂ M on which the characteristic foliation ξ ∩ T S traces an S 1 -family of longitudes connecting the north and south poles, so we can regard the longitudes as pages of an open book with the poles as binding. Such spheres were used as totally real boundary conditions for holomorphic disks in [BG83, Gro85, Eli90a] , and similarly in Hofer's proof of the Weinstein conjecture [Hof93] for contact 3-manifolds (M, ξ) with π 2 (M ) = 0.
In higher dimensions, a Lob L ⊂ (M, ξ) with binding B ⊂ L similarly defines a totally real submanifold {0} × (L \ B) in the symplectization R × M of (M, ξ), and thus serves as a natural boundary condition for pseudoholomorphic disks. Moreover, for a suitably "standard" choice of almost complex structure near the binding, a Lob always gives rise to a canonical family of holomorphic disks near {0} × B whose boundaries foliate a neighborhood of B in L \ B. This is the so-called Bishop family of holomorphic disks, and it has the useful property that no other holomorphic curve can enter the region occupied by the Bishop disks from outside. For a unified treatment of the essential analysis for Bishop disks with boundary on a Lob, see [Nie13] .
As in the 3-dimensional case, we will see that the belt sphere of a surgery of index n − 1 on a contact (2n − 1)-manifold is also naturally a Lob, so there is again a natural moduli space of holomorphic disks that fill the belt sphere, implying that it is nullhomologous. In cases where the moduli space has sufficiently small dimension and there is no bubbling (which is true if the filling is symplectically aspherical), we will be able to improve this result by performing surgery on the moduli space to show that the belt sphere is nullhomotopic. For surgeries of index k < n − 1, the belt sphere has dimension 2n − k − 1 > n, and thus cannot be a Lob, but we will show that after a suitable deformation, the belt sphere can be viewed as a parametrized family of Lobs, giving rise to a well-behaved moduli space of disks with moving boundary condition. It should now be clear why this method cannot work for critical surgeries: the belt sphere in this case has dimension n − 1, so it is too small to define a totally real boundary condition.
The construction of the family of Lobs foliating a general subcritical belt sphere is somewhat less than straightforward: as we will see in Section 3, the standard model for a contact form after surgery does not lend itself well to this construction, but a natural family of Lobs can be found after deforming to a different model of the belt sphere as piecewise smooth boundary of a poly-disk. As a warmup to the general case, we will begin by explaining the simplest example of this deformation, namely the case k = 0, which recovers the Eliashberg-Floer-McDuff theorem.
Here is a brief outline of the paper. In Section 2, we explain our alternative proof of the Eliashberg-Floer-McDuff theorem, as an illustration of the main ideas in the rest of the paper. Section 3 then explains the general case of the family of Lobs associated to a subcritical belt sphere. In Section 4, we define the relevant moduli space of holomorphic disks and establish its basic properties, leading to the proof of the homological part of Theorem 1.2. Section 5 then improves this to a homotopical statement in cases where the moduli space has sufficiently low dimension. Finally, in §6 and §7 respectively we prove Theorems 1.3 and 1.4 on contact connected sums and contractible Reeb orbits. The paper concludes with a brief appendix addressing the technical question of orientability for our moduli space of holomorphic disks.
The Eliashberg-Floer-McDuff theorem revisited
In this section we modify slightly the proof of the Eliashberg-Floer-McDuff theorem [McD91, Theorem 1.5] in order to illustrate the methods that will be applied in the rest of the article. The original argument worked by capping off the symplectic filling and then sweeping through it with a moduli space of holomorphic spheres. Our version will be the same in many respects, but has more in common with the 3-dimensional argument of Eliashberg in [Eli90a] : instead of spheres, we use holomorphic disks attached to a family of Lobs.
Theorem 2.1 (Eliashberg-Floer-McDuff). Let S 2n−1 ⊂ C n be the unit sphere with its standard contact structure ξ 0 given by the complex tangencies to the sphere, that is,
Every symplectically aspherical filling of S 2n−1 , ξ 0 is diffeomorphic to the (2n)-ball.
Let z = x + iy = x 1 + iy 1 , . . . , x n + iy n be the coordinates of C n . The function
is plurisubharmonic, and the unit sphere is the boundary of the ball
The main geometric ingredient needed for our proof is a foliation of S 2n−1 (minus some singular subset) by a family of Lobs, but this idea does not seem to work when applied directly to the unit sphere f −1 (1). Instead, we will deform the sphere to a different shape, which does contain a suitable family of Lobs that will suffice for our purposes. Define two functions g A , g B :
n . Note that g B is strictly plurisubharmonic and g A is weakly plurisubharmonic as
We will now consider the subset (see Fig. 2 )
Up to reordering the coordinates, D 2n is a bi-disk D n+1 ×D n−1 ⊂ R 2n , which clearly contains the unit ball. Its boundary is not a smooth manifold, but is nonetheless homeomorphic to the unit sphere. It decomposes as
where we have used the notation
and
Figure 2. We find a family of Lobs by deforming the sphere to the boundary of a bi-disk. One of the two parts of the boundary, which we denote by S B , will then be foliated by Lobs.
Let now (W, ω) be a symplectically aspherical filling of S 2n−1 , ξ 0 . If it is only a weak filling, we can extend it by attaching a symplectic collar to obtain a strong symplectic filling of the sphere [MNW13, Remark 2.11] because ω| T S 2n−1 is exact. This filling is diffeomorphic to the initial one, and it is also still symplectically aspherical, because any 2-sphere can just be pushed by a homotopy entirely into the old symplectic filling. After rescaling the symplectic form, the extended symplectic manifold will be a strong symplectic filling of the unit sphere.
Remove now the interiorD 2n of the unit ball from D 2n , and glue D 2n \D 2n symplectically onto the filling W . Denote this new symplectic manifold by ( W , ω). Clearly W is homeomorphic to W . Using holomorphic disks, we will show as in the original paper by McDuff that W is contractible, so that the h-cobordism theorem [Sma62, Mil65] implies that W must be diffeomorphic to D 2n whenever 2n − 1 ≥ 5.
To study W using holomorphic curves, choose first an almost complex structure J on W that is tamed by ω and that agrees on a small neighborhood of ∂ D 2n in W with the standard complex structure i on C n . The holomorphic curves we are interested in are attached to a family of Lobs, which we will introduce now. Let Ψ : S n × D n−1 → S B ⊂ ∂ W be the embedding into the boundary of W given by (a 1 , a 2 , . . . , a n+1 ); (b 1 , . . . , b n−1 ) → a 1 + ib 1 , . . . , a n−1 + ib n−1 , a n + ia n+1 .
The image of Ψ lies in S B ⊂ ∂ W , and the J-complex tangencies on the corresponding part of ∂ W are the kernel of the 1-form
−d
c g B = 2x 1 dy 1 + · · · + 2x n−1 dy n−1 + 2 x n dy n − y n dx n .
We obtain for the pull-back
so that the restriction of Ψ * −d c g B to each sphere with S n × (b 1 , . . . , b n−1 ) = const gives 2 a n da n+1 − a n+1 da n .
This means that the projection
defines a Lob with the (n − 1)-ball as pages and trivial monodromy. From now on we denote the points in D n−1 by b = (b 1 , . . . , b n−1 ), and write for the Lob
and B b for its binding.
For the technical details of the following part, we refer to Section 4.3. We will study the space
of nonconstant holomorphic maps from a disk, equipped with one marked point z 0 , and with boundary sent into one of the Lobs L b . Additionally, we require that u is homotopic to a Bishop disk as an element in π 2 W , L b \ B b , and we denote the corresponding subset by M. Next we divide M by the action of the group Aut(D 2 )
of biholomorphic transformations on D 2 , where ϕ ∈ Aut(D 2 ) acts on M via
We denote the moduli space M/ Aut(D 2 ) by M. Note that for every class [b, u, z] in M, we can fix a unique representative (b, u 0 , z 0 ) by choosing a parametrization of u such that
the 0 degree page of the Lob, if z = 1, the π/2 degree page of the Lob, if z = i, the π degree page of the Lob,
A corollary of this is that the moduli space M (before the compactification, see below) is a trivial disk bundle over the space of unmarked disks. This is the key fact that will allow us to "push" the topology of W into its boundary (which is the geometric analogue of the algebraic argument given in [McD91] and [OV12] ).
Next, we need to understand the compactification of M. Note first that typical holomorphic disks are surrounded by a neighborhood of other typical holomorphic disks, that is, they represent smooth points of the interior of the moduli space M. With "typical", we mean smooth holomorphic disks whose interior points are mapped to the interior of W , and whose boundary sits on a Lob L b that is not a boundary Lob, i.e. for which b < 1, and such that the disk does not touch the binding B b of the Lob.
Let us now consider the remaining cases. The boundary of W consists of S A ⊂ g A = 1 and S B ⊂ g B = 1 , which are weakly and strongly plurisubharmonic hypersurfaces respectively. A disk touching S B with one of its interior points will automatically be constant. If the disk touches S A instead, then it needs to be entirely contained in this hypersurface, and in particular its boundary will lie on a Lob with b = 1; below we will explain how to understand the disks in this second case explicitly.
For every Lob L b , there is a certain neighborhood of its binding B b that is only intersected by Bishop disks. Since there is exactly one disk meeting every point of this neighborhood, that is, the evaluation map
restricts close to B b to a diffeomorphism, it follows that the compactification M contains disks that collapse to a point in the binding. In [NR11] it was shown that adding these constant disks to M 0 , corresponds to adding points which lie on the smooth boundary of the compactification M.
Before understanding the bubbling, we will discuss disks whose boundary lies in
Then the image of u is completely contained in S A , and moreover, it is obtained by the intersection of a complex line parallel to the z n -plane with S A .
Proof. Parametrize the disk by polar coordinates re iφ . By acting on the coordinates z 1 , . . . , z n−1 with a matrix in SO(n − 1) (regarded as an element of SU(n − 1) with real entries), we can assume without loss of generality that the Lob L b corresponds to the parameter b = (1, 0, . . . , 0), as the functions g A and g B are invariant under such an action. In particular it follows that the y 1 -coordinate of u has its maximum on the boundary of u. The x 1 -coordinate of ∂u is bounded, and hence there is an angle e iφ0 at which the derivative
is zero. Complex multiplication gives i · ∂ r = ∂ φ , hence
It follows that the outward derivative of the y 1 -coordinate vanishes at the point e iφ0 ∈ D 2 , so that according to the boundary point lemma, y 1 must equal the constant 1 on the whole disk, and as a consequence u lies entirely in S A .
The y 2 -to y n−1 -coordinates are all 0 on the boundary of the disk, and hence by the maximum principle, they need to be both maximal and minimal on all of the disk. With the Cauchy-Riemann equation we obtain that the x 1 -up to x n−1 -coordinates of u need all to be constant on u (for more details read Section 4.2).
As explained in Section 4.3, no bubbling can occur under our assumptions, and hence M will be a compact manifold with boundary and corners (the boundary is smooth everywhere with the exception of the disks corresponding to the edges of W ). Moreover, the moduli space is orientable (see Appendix A) and the evaluation map ev :
is a degree 1 map, that is, it maps the fundamental class
Now we are ready to understand the topology of W . We will first consider the fundamental group.
Lemma 2.3. W is simply connected.
Proof. Chose the base point p 0 ∈ W in the domain covered by the Bishop disks. Let γ be a loop representing a class in π 1 W , p 0 that lies in the interior of W . In particular we may assume that γ does not touch the Lobs. After a perturbation, we can assume that γ is transverse to the evaluation map ev, and hence ev −1 γ will be a finite collection of loops γ 0 , . . . , γ N in M (since γ does not touch the bindings B b , we do not need to use M here).
There is one loop, say Γ 0 , that is mapped to γ with degree one. The reason for this is that γ runs through a part of W containing Bishop disks, and by what we said above, the evaluation map is a diffeomorphism on that part. Then the loop ev •Γ 0 is homotopic to γ, and thus represents the same class in π 1 W , p 0 .
Using the fact that M is diffeomorphic to a trivial disk bundle, we may shift Γ 0 into the boundary of M (just by moving it inside the D 2 -factor). In particular, this shows that [γ] = [ev •Γ 0 ] can be represented by a loop that lives close to the boundary of W , and is thus contractible.
Next we need to compute the homology of W .
Proof. Let k be the minimal integer with 1 ≤ k ≤ n such that H k ( W ; Z) = 0. By Lemma 2.4, we know that k ≥ 2. By Hurewicz's theorem we know that H k W ; Z is isomorphic to π k W , p 0 so that we can represent any homology class in H k W ; Z by a map s :
We additionally assume that the marked point p 0 ∈ W lies in the image of the Bishop families (and therefore not in the image of any other holomorphic disks). Perturbing s, we may assume that it is an embedding whenever k has less than half the dimension of W , or at least an immersion when k = n. In both cases we may also assume that it is transverse to the evaluation map, so that we find a closed (possibly immersed and disconnected) oriented submanifold ev −1 s . As in Lemma 2.3, there is a connected component S of ev −1 s which passes through the base point p 0 , and moreover, there is a degree one map S → S k such that the following diagram commutes:
It follows that ev(S) represents the same class in H k W ; Z as s. Using again the fact that M is a trivial disk bundle, we may push S ⊂ M into the boundary ∂M, and this implies that the class [s] is homologous to a cycle close to ∂ W ∼ = S 2n−1 , and hence it is trivial. This shows that H k W ; Z vanishes. Hence the lemma follows.
Proof of Theorem 2.1. Using Poincaré-Lefschetz duality, H 2n−k W , ∂ W ; Z is isomorphic to H k W ; Z and thus it also vanishes (for k = 0). The long exact sequence of the pair then implies that H 2n−k W ; Z = {0}, and finally the universal coefficient theorem tells us that H 2n−k W ; Z = {0}, so that W has trivial homology and by the h-cobordism is therefore diffeomorphic to a ball.
Weinstein handles and contact surgeries
In this section, we will give a precise description of Weinstein handle attachment, and then show how to deform the contact structure near the belt sphere in order to find a suitable family of Lobs.
Assume (W, ω) is a weak symplectic filling of a (2n
at , and suppose that ω| T S k−1 at is exact (this is obviously always the case if k = 3). After deforming the symplectic structure in a small neighborhood of the boundary using [MNW13, Remark 2.11], we can find a Liouville vector field X L on a neighborhood U ⊂ W close to S k−1 at that points transversely out of W , and such that
is a contact form for ξ. Topologically, the handle attachment can be described as follows. Choose a trivialization of the normal bundle νS k−1 at in M , identifying a tubular neighborhood with
and let the k-handle H k be the poly-disk
The boundary of H k can be written as the union
Using the obvious homeomorphism, we can "glue" H k along the subset
using the trivialization chosen above. Denote the new manifold by
Note that the gluing operation depends on the trivialization chosen for the normal bundle of S k−1 at . The boundary M = ∂W is obtained from the old contact manifold M by removing the neighborhood of S k−1 at , and gluing in the free boundary component of the handle, that is,
at . We will recall below how the natural symplectic structure on W with weakly contact-type boundary M is defined. The belt sphere S 2n−k−1 belt of the handle H k is the "cosphere to the gluing sphere,"
Note that contact surgery can also be defined as an operation on contact manifolds without assuming that they are symplectically fillable: one only need regard (M, ξ) as the contact boundary of a piece of its symplectization (−ε, 0] × M, d(e t α) . Topologically, a surgery of index k is the operation of removing a small neighborhood of the isotropic sphere S k−1 at from the contact manifold (M, ξ) and gluing into the cavity a standard patch that is diffeomorphic to
3.1. Attaching Weinstein handles. We now define a symplectic model for a subcritical Weinstein handle of index k in dimension 2n. For this, split C n into
, and write the coordinates on C k as
and the ones on C as
The coordinate z • behaves like any other of the coordinates in z + , and in the usual descriptions of the handle attachment, it is not distinguished from z + . (For a critical handle attachment k = n, thus there are no z + -or z • -coordinates.) The reason why we have introduced this more complicated notation is to prepare for the deformation we will perform in the next section, in which the z
• -coordinate will play a particular role.
As a model for the handle, take
where the first disk corresponds to the y − -coordinates, the second disk to the (x − , z + , z • )-coordinates, and r > 0 is a constant, i.e. H r is the intersection of the two subsets
We denote
which will be identified with the attachment sphere in a contact manifold; the core of ∂ + H r is the (n + m)-sphere (note that n + m = 2n − k − 1)
Choose on C n the symplectic form
It admits the Liouville form
that is associated to the Liouville vector field
The field X L points outward through ∂ + H r and inward at ∂ − H r , so that both ∂ + H r and ∂ − H r are contact type hypersurfaces with the corresponding coorientations. The core S − ⊂ ∂ − H r is an isotropic sphere with trivial conformal symplectic normal bundle. Let now (M, ξ) be a given contact manifold and let S k−1 at ⊂ M be a (k − 1)-dimensional isotropic sphere with trivial conformal symplectic normal bundle that will serve as the attaching sphere of the k-handle H r . Fixing r > 0 small enough, ∂ − H r , endowed with the contact structure induced by λ, is contactomorphic to a neighborhood N (S
at . We choose a contact form α for ξ on M such that α| N (S k−1 at ) can be glued to λ| T (∂−Hr) and define the Liouville manifold
The positive boundary of W 0 (denoted ∂ + W 0 ) has two smooth faces M \ N (S k−1 at ) and ∂ + H r , meeting along a corner which is the image of the corner ∂D k × ∂D 2n−k r in ∂H r , see Fig. 3 . Fix a small neighborhood U of the corner, and choose a smooth hypersurface M in that matches ∂ + W 0 outside of U, and is transverse to X L in U.
Denote the induced contact structure on M by ξ = T M ∩ ker λ 0 . Note that the constant r > 0 can be made arbitrarily small, without changing the isotopy class of the contact structure on M ; we can shrink the size of the handle continuously (including the smoothing) which allows us to apply Gray stability to obtain an isotopy with support in the model neighborhood.
The belt sphere S
3.2. Families of Lobs on a deformed subcritical handle. To find the desired family of Lobs, we will now modify the contact structure in a neighborhood of the belt sphere in two steps. The first deformation is borrowed from the recent article [GZ14] ; it replaces a technically more complicated method that was used in an earlier version of this paper. Consider again a "thin" handle
⊂ C n with r 1 used above. Suppose that the rounding of the corners has been performed for values of y − in the interval [1 − ε, 1]. The part of ∂ + H r outside the smoothing region lies in the level set {f = r 2 } of the function
We would like to modify the Liouville field on a neighborhood of the belt sphere so that the induced contact structure coincides with the field of complex hyperplanes on the boundary. For this, add the Hamiltonian vector field X H of a function 
The Hamiltonian vector field corresponding to H is
The vector fieldX L agrees outside the support of ρ with X L , and it is everywhere transverse to ∂ + H r as can be seen from
The contact structure on the domain ∂ + H r ∩ { y − 2 ≤ 1 − 2ε} is the kernel of the Liouville form
Remark 3.1. This first deformation shows that the surgered manifold contains a neighborhood of the belt sphere that is contactomorphic to a cylinder f = r 2 } ∩ y − 2 ≤ 1/2 ⊂ C n with r arbitrarily small and a contact structure given as kernel ofλ. Note thatλ on the domain under consideration is equal to the differential −d c f , i.e. the contact structure on our domain coincides with the complex tangencies. This is the key fact that we will exploit in the second deformation below.
To continue, we consider the setting of Theorem 1.2, so let (M, ξ) be a closed contact manifold of dimension 2n − 1 that has been obtained by a surgery of index k ∈ {1, . . . , n − 1} from another contact manifold, and let (W, ω) be a weak symplectic filling of (M, ξ). Since the theorem in dimension three already follows from the much stronger result of
, and we are therefore free to pretend in the following discussion that (W, ω) is a strong filling of (M, ξ). In particular, we may assume that the symplectic structure on a collar neighborhood close to the belt sphere looks like the symplectic structure on the boundary of the model of the handle, and we may identify both.
Let f : C n → [0, ∞) be again the plurisubharmonic function
By the explanations above, the belt sphere S n+m belt has a neighborhood U M ⊂ M that is contactomorphic to the cylinder
for arbitrarily small r 1 with contact structureξ given as the kernel of the Liouville formλ = − d c f | T Cr , and since the cylinder is a level set of f , this also means thatξ are the complex tangencies of C r . We denote by U W a small neighborhood of U M in W that is symplectomorphic to the subset
with symplectic form ω = −dd c f . Using the embedding of U W into our model, we can extend the symplectic filling (W, ω) by attaching the following compact symplectic subdomain of C n : replace f by G := max{g A , g B } which is obtained as the maximum of the two functions:
where ψ is a cut-off function that vanishes close to 0, and increases until it reaches 1 close to y − = 1/ √ 2. Clearly g A is a weakly plurisubharmonic function. The function g B is strictly plurisubharmonic on a neighborhood of {y + = 0} because the last term of
simplifies along this subset to
which is weakly plurisubharmonic. This implies that if the chosen handle C r is thin enough, that is if r > 0 has been chosen sufficiently small, then g B will be strictly plurisubharmonic on its neighborhood.
For large values of y − 2 , the cut-off function is equal to 1 and g B agrees with f . Since it also dominates g A , the level set {G = r 2 } glues smoothly to the given contact manifold, and it bounds a symplectic manifold
obtained from the given symplectic filling W by attaching to it the symplectic domain lying in our model between the level sets {f = r 2 } and {G = r 2 }, see
Figures 4 and 5. We also write W model for the subdomain U W ∪ W \ W that lies entirely in C n . We decompose the boundary of W into three domains, which we denote by M reg , M A and M B . Here M A and M B are the parts of ∂ W that lie in the level set {g A = r 2 } or {g B = r 2 } respectively, and satisfy y − 2 < 1/2; M reg is the remaining part of the boundary of W , i.e. the part that is disjoint from the boundary of the deformed handle. The boundary of the handle contains a deformation of the belt sphere, which we will still write as S n+m belt = {y − = 0} even though it has edges. The cut-off function ψ vanishes on a neighborhood of S n+m belt , so that G simplifies to
It follows that S n+m belt is the boundary of the poly-disk
We can decompose the boundary of the poly-disk D m × D n+1 as a union of two smooth parts
We will denote the first part of the belt sphere by
but for now, we will be mostly interested in the second part 
The submanifold S B ∼ = D m × S n can be foliated by the n-spheres with constant y + -value. For every fixed value of y
r we write the corresponding leaf as
The restriction of −d c g B to each of these spheres is 
In the following sections we will study holomorphic disks that each have boundary on one of the Lobs L b + . As a final remark, note that while g A is not a strictly plurisubharmonic function, it is nonetheless weakly plurisubharmonic.
The space of holomorphic disks attached to the belt sphere
We will now construct the moduli space of pseudoholomorphic disks needed for the proof of Theorem 1.2 and show that it is a smooth manifold with boundary. We continue with the setup and notation used in §3.2 above. Choose an almost complex structure J on W with the following properties:
• J is tamed by ω;
• J agrees on W model with the standard complex structure i;
• the unmodified domain M reg in ∂W is J-convex, and its J-complex tangencies agree with ξ.
4.1. The top stratum of the moduli space. We define M W , S B ; J as the moduli space of "parametrized" curves b + , u, z 0 , where:
r is a point in the m-disk parametrizing the Lobs L b + ⊂ S B described in the previous section;
Additionally we require that
is a degree 1 map, that is, the boundary of each disk makes one turn around the binding of the open book. Since L b + lies in the strictly convex hypersurface M B , the map ϑ • u ∂D 2 is a diffeomorphism, i.e. the disk intersects every page of the Lob L b + precisely once; see [Nie13, Corollary II.1.11]. In particular this implies that the holomorphic disk is simple by [Laz00] , which will allow us to use the following transversality result. • the interior points of u 0 do not touch the boundary of W ;
• the boundary of u 0 lies in the interior of L 0 ;
• the disk u 0 is simple.
Let M be the space of all J-holomorphic maps
for all x ∈ D m ε . Then the space of solutions in M close to u 0 forms a smooth ball that has u 0 as its center and whose dimension is Recall from Section 3.2 that the family of Lobs is parametrized by a disk D m r of some fixed radius r 1. We define
Since g B is plurisubharmonic and g A is weakly plurisubharmonic, this subspace consists of J-holomorphic disks that map the interior of D 2 to the interior of W ; see also Proposition 4.6. Since m = n − k − 1, we obtain the desired formula.
In the next subsection we will analyze what happens when b + = r, and we will also show that M W , S B ; J is non-empty. To consider geometric disks instead of parametrized ones, we divide M W , S B ; J by the group of biholomorphic reparametrizations of D 2 ⊂ C. We define the moduli space of "unparametrized" curves:
M Proof. The map ϑ : S B \ {z • = 0} → S 1 is globally defined for all Lobs in the family. Therefore we can define the subset
We know that M 0 W , S B ; J is a submanifold of M int W , S B ; J because ϑ• u| ∂D 2 is a diffeomorphism and the biholomorphism group of the disk is triply transitive on ∂D 2 . Then the subset M 0 W , S B ; J provides a global slice for the action of
The Bishop disks.
In this section, we want to study a certain class of disks in M W , S B ; J that lie entirely in the model neighborhood W model and that can be described explicitly. A Bishop disk is a disk that we obtain by intersecting a z • -plane in C n with constant (z − , z + )-coordinates with the model neighborhood W model . A possible way to parametrize it is as a map
with constant coordinates (y − , y + ) = (0, b + ), constant x − and x + -coordinates, so we write
where C = r 2 − x − 2 − x + 2 . The Bishop disks are the buds from which the moduli space will grow, and it is therefore important to establish that they are Fredholm regular, meaning that their linearized Cauchy-Riemann operators are surjective. This is ensured by the following "automatic" transversality lemma (see [Nie13, Section III.1.3]). The rest of this subsection will be concerned with the proof that the Bishop disks are the only holomorphic disks in W model . Proposition 4.6. If a holomorphic disk
touches the boundary of W at an interior point of D 2 , then either it is constant or it is a multiple cover of a Bishop disk that is completely contained in S A ⊂ M A ∩S n+m belt . Proof. Let z 0 ∈D 2 be a point in the interior of the disk at which u touches M A , M B , or M reg . We will obtain the desired statement by using the maximum principle; we only need to be a bit more careful compared with the standard situation, because the boundary of W is defined piecewise as a union of level sets of different plurisubharmonic functions.
Assume first that u(z 0 ) touches M B . The function g B is not defined on the whole symplectic filling, but we may nonetheless assume that g B exists on a small neighborhood of u(z 0 ), hence we find an open subset U ⊂D 2 containing z 0 such that g B • u U : U → R is a plurisubharmonic function having a maximum at z 0 . It follows from the maximum principle that g B • u| U is constant, and due to strong convexity it even follows that the holomorphic map u| U itself must be constant. This implies that the open set U chosen above can in fact be extended to the whole disk, and u will be a constant disk.
Note that this argument also remains valid if u(z 0 ) lies in the edge where M A and M B meet. The disk lies in the model locally in the domain with g B ≤ r 2 , and thus g B • u| U still has a local maximum at z 0 ∈D 2 , as used previously. Similarly, the argument can be used verbatim for disks that touch M reg , and this implies in fact that there are no disks at all touching M reg at interior points, because a constant disk must lie in L b + ⊂ S n+m belt , which is disjoint from M reg . Let us now assume that the disk u touches the hypersurface M A at z 0 . Again, we find an open subset U ⊂D 2 containing z 0 for which
is defined and has a maximum at z 0 . By weak plurisubharmonicity, this function must be constant. Now it is easy to see that we can choose U to be the whole disk D 2 , because by continuity, the image of every point z ∈ U lies in ∂ W . If z is an interior point of the disk, and if u(z) is an interior point of M A , i.e. it does not lie in M A ∩ M B , then we can extend U to a larger open domain that contains z in its interior. If z is an interior point but u(z) does lie in M A ∩ M B , then we know by the first part of the proof that u must be a constant map. In both cases the whole disk lies in M A .
It remains to see that a nonconstant holomorphic disk lying in M A must be a Bishop disk (or a multiple cover). We know that all coordinate functions are harmonic, and hence each of them must attain both its maximum and its minimum at a point on the boundary of the disk. The boundary of u lies in L b + ⊂ y − = 0 , and hence it follows that all of the y − -coordinates vanish on the disk. From the Cauchy-Riemann equation, we then see that the x − -coordinates of the disk will be constant.
Similarly, the y + -coordinates of the disk must all be equal to b + , because L b + ⊂ y + = b + , and again by the Cauchy-Riemann equation also the x + -coordinates will be constant.
The only nonconstant coordinate functions of the disk are the z • -coordinate, and they span a round disk.
Recall that
is the binding of the Lob L b + .
Proposition 4.7.
There exists an open subset V ⊂ W model , containing
J intersecting V must be a Bishop disk up to reparametrization.
Proof. Note that
is a weakly plurisubharmonic function on W model . Choosing a sufficiently small ε > 0, we can make sure that V := h −1 (r 2 −ε, +∞) ∩W model is an open neighborhood with V ⊂ W model . It follows in fact from g B ≤ r 2 and h > r 2 − ε that
so that both the y − and the z • -coordinates are small, and in particular we can assume that ψ = 0 on V . On the other hand,
implies that every point in V lies in an arbitrarily small neighborhood of S B . It is also clear that the binding B b + lies in V . Let now u : D 2 , ∂D 2 → W , L b + be a holomorphic disk whose image intersects V . Assume that h • u is not constant: then we can choose by Sard's theorem a slightly smaller number ε < ε that will be a regular value of h • u, so that the subdomain
is compact and has piecewise smooth boundary, which we denote by
where ∂ + G = G ∩ ∂D 2 lies in the boundary of the unit disk, and ∂ − G lies in the interior of the unit disk. Denote the restriction
By the maximum principle, it follows that the maximum of h • u G on each component of G must lie on the boundary of that component. Clearly then the boundary of every component of G must intersect ∂ + G, because otherwise h • u G would have an interior maximum on that component, so it would be equal to r 2 −ε , but this contradicts the assumption that r 2 − ε is a regular value. It follows then that every component of G must intersect ∂D 2 , and since h • u G is minimal along ∂ − G, the maximum of h • u G must lie at a point z 0 ∈ ∂ + G ⊂ ∂D 2 . By the boundary point lemma [Nie13, Theorem II.1.3], the derivative of h • u G at z 0 in the outward radial direction must be strictly positive. We choose polar coordinates (r, ϕ) on D 2 . Using the fact that u is J-holomorphic, we can write
We obtain −d c h · Du · ∂ ϕ = 0 along the whole boundary of the disk, because the boundary of u lies in the Lob L b + , which is a subset of {y
c h Du · ∂ ϕ vanishes at z 0 , and by the boundary point lemma, the disk must be contained in one of the level sets of h, so in particular it lies in V ⊂ W model .
The rest of the statement follows from standard arguments. All of the coordinate functions on W model are harmonic, hence they must attain their maxima and minima on the boundary of the disk. Since y − = 0 along ∂D 2 , the y − -coordinates of u are zero on the whole disk, and using the Cauchy-Riemann equation, we see that the x − -coordinates must be constant on the disk. Similar arguments work for y + and x + , and we finally conclude that u must be a Bishop disk. Since the whole boundary u ∂D 2 lies in M A , we can find a closed annulus G ⊂ D 2 having ∂D 2 as one of its boundary components such that
is defined and everywhere weakly plurisubharmonic, and it takes its maximum along ∂D 2 ⊂ G. Assume first that the disk u is tangent to M A at one of its boundary points. We can apply the boundary point lemma around this point to deduce that g A • u G has to be constant on all of G. In particular this implies that u(G) lies in M A , and u touches M A also with one of its interior points. Proposition 4.6 then implies that u is either constant or one of the Bishop disks.
Conversely suppose that u is everywhere transverse to M A , meaning that ∂ r g A • u (z) is strictly positive for every z ∈ ∂D 2 . The restriction u| G is a J-holomorphic map whose image lies in W model ; moreover, g A • u ≡ r 2 on ∂D 2 and g A • u < r 2 on the inner boundary of G. Introduce on G the polar coordinates z = ρe iϕ .
Note that along ∂D 2 , all of the y + -coordinates are constant in the ϕ-direction, because the boundary of the disk lies in the Lob L b + . Multiplying the complex coordinates z + by a suitable SO(m)-matrix (the standard complex structure i and the functions g A , g B are invariant under such a multiplication), we may assume that b + = (r, 0, . . . , 0). It follows that the y + 1 -coordinate of u| G has its maximum on ∂D 2 . Note now that the x + 1 -coordinate of u| S 1 is bounded, and hence it necessarily must take a maximum at some point e iϕ0 ∈ S 1 = ∂D 2 , so that
Again, we can use complex multiplication to see i · ∂ ρ = ∂ ϕ , hence
Du · ∂ ϕ , and in particular the radial derivative of y + 1 vanishes at e iϕ0 , so that by the boundary point lemma, y + 1 must be constant on all of G. Using the fact that r 2 = y
everywhere on G, we deduce that all of u(G) lies in M A . In particular, u touches M A at an interior point, which allows us to conclude the proof by applying Proposition 4.6.
We end this subsection with a description of the global topology of the moduli spaces M W , S B ; J and M W , S B ; J . By definition, the space M W , S B ; J of parametrized disks with a marked point is a trivial disk bundle. The moduli space M W , S B ; J is then a disk bundle over the moduli space of the same holomorphic curves without the marked point, and the projection map is simply the map that forgets the marked point.
In our case though, it is even true that M W , S B ; J is a trivial disk bundle. Recall that the map ϑ : S B \ {z • = 0} → S 1 is globally defined for all Lobs in the family. Hence every equivalence class [b + , u, z] in M W , S B ; J has a unique representative (b + , u 0 , z 0 ), defined by fixing a parametrization of u such that 4.3. Topology of the compactified moduli space. In the previous sections, we introduced the moduli space we want to use, and we showed that all the disks intersecting certain domains of the model neighborhood W model must be Bishop disks. Our aim in this section is to study the topology of the natural compactification of that moduli space. The compactification of M W , S B ; J involves two phenomena: (1) Gromov convergence to stable nodal holomorphic disks (see e.g. [Fra08, FZ14] ), and (2) degeneration to constant maps in the binding of a Lob. In order to accommodate the latter without losing the extra disk-bundle structure provided by the marked point, we shall (as in Proposition 4.3) replace M W , S B ; J by the space M 0 W , S B ; J of parametrized curves that satisfy the condition (4.1).
This introduces a hint of extra book-keeping into the following statement, but the reader should keep in mind that the space we are actually interested in is always M W , S B ; J .
Proposition 4.10. Any sequence (b + j , u j , z j ) ∈ M W , S B ; J satisfying the condition (4.1) has a subsequence that converges to a unique configuration of one of the following types:
(1) An element of the moduli space (b
belt , consisting of a single nonconstant disk with a tree of sphere bubbles attached, and z ∞ is a marked point on the domain of t ∞ . Convergence in cases (1) and (2) is in the C ∞ -topology, and in case (3) it is in the sense of Gromov. If W is symplectically aspherical, then the third case does not occur. , u j , z j ) . The usual statement of Gromov's compactness theorem for holomorphic disks (see [Fra08, §4] ) applies to sequences of unparametrized curves with fixed numbers of interior marked points and/or boundary marked points. Thus in order to apply the theorem to (b + j , u j , z j ) ∈ M W , S B ; J , it will be convenient to observe that parametrized curves satisfying (4.1) can be identified in a canonical way with unparametrized stable nodal J-holomorphic disks carrying one interior marked point (corresponding to z j ) and three extra boundary marked points (corresponding to the points 1, i, −1), where the latter are required to satisfy incidence conditions under the evaluation map. In this picture, smooth (i.e. non-nodal) unparametrized curves with extra boundary marked points correspond to triples (b
, and triples with z j ∈ ∂D 2 are identified with nodal curves that consist of a nonconstant disk u j attached by a node at z j to a single constant ("ghost") disk on which the interior marked point lives.
With this identification understood, suppose the maps u j have images bounded away from the binding B b + ∞ . Then after taking a subsequence, we can assume by Gromov compactness that the corresponding sequence of unparametrized stable curves with extra boundary marked points converges in the Gromov topology to a smooth or nodal J-holomorphic disk. Note that each of the unparametrized curves has a unique parametrization for which the (ordered) set of boundary marked points is (1, i, −1), thus if the Gromov limit is smooth, then this means z j converges to an interior point of D 2 and u j converges in C ∞ to a smooth J-holomorphic disk u ∞ . Similarly, if the nodal limit consists only of one nonconstant J-holomorphic disk u ∞ and one ghost disk containing the interior marked point, then this means that u j converges in C ∞ to u ∞ while z j converges to a point in ∂D 2 . In all other cases, u j can be viewed as converging to a bubble tree which may include both spheres and disks, while z j converges to an interior or boundary point on one of the components.
Suppose now that the sequence (u j , z j ) converges to a bubble tree (t ∞ , z ∞ ). We will show that t ∞ does not contain any nonconstant disk bubble. (Since the boundary marked points are always mapped to distinct points in the image, stability then implies that with the exception of the cases interpreted above as smooth limits, t ∞ contains no disk bubbles at all.) Suppose on the contrary that the sequence u j bubbles a nonconstant disk v with boundary on the Lob L b + ∞ . The points 1, −1, i divide ∂D 2 into three segments, one of which is necessarily disjoint from the bubbling region. The fact that for each j the function ϑ • u| ∂D 2 is a diffeomorphism then implies that ϑ • v| ∂D 2 is not surjective. Thus the boundary of v is somewhere tangent a page of the Lob L b + ∞ , but it follows from a standard argument using the boundary point lemma [Nie13, Theorem II.1.3] that the disk v cannot exist. We conclude that t ∞ is a bubble tree containing only holomorphic spheres. This is case (3).
If there is a sequence w j ∈ D 2 such that u j (w j ) approaches the binding, then the maps u j are Bishop disks for j large enough because, sooner or later, the images of the u j will intersect W model nontrivially. This implies that the limit u ∞ is the constant map at a point p ∞ ∈ B b + ∞ , and we have case (2).
Using the natural identification of M W , S B ; J with the space of parametrized curves satisfying (4.1), we can now compactify M W , S B ; J by adding the limiting configurations described in Proposition 4.10. We will denote this compactified moduli space by M W , S B ; J . Its "boundary" ∂M W , S B ; J ⊂ M W , S B ; J can be defined naturally as the set of equivalence classes [(b + , u, z)] for which either b + ∈ ∂D 2 r , z ∈ ∂D 2 (including cases where the domain of u contains sphere bubbles), or u is a constant map into the binding of a Lob. The compactification can also be decomposed naturally into two disjoint pieces, M W , S B ; J = M smooth ∪ M bubble , defined as the subsets consisting of non-nodal and nodal curves respectively. We define ∂M smooth := ∂M W , S B ; J ∩ M smooth . The next proposition describes the topology of the compactified moduli space. We refer to [MS04, §6.5] for general facts about pseudocycles, and [Sch99, Zin08] for the fact that pseudocycles up to bordism can be identified with integral homology classes. 
where Σ is a smooth, compact, connected and oriented (n + m − 1)-manifold with boundary and corners, whose boundary is homeomorphic to S n+m−2 . Furthermore, r . Proposition 4.10, provides a description of the two additional limit objects we need to consider. If (b + , p ∞ , z) is one of the constant disks appearing in case (2) of Proposition 4.10, then it follows from Proposition 4.7 that it is surrounded only by Bishop disks. Using the parametrization of the Bishop disks given at the beginning of Section 4.2-in this description the constant disks are obtained by choosing C = 0-we can add the constant disks (b + , p ∞ , z) to the chosen slice in M W , S B ; J , and give it a smooth structure that agrees with the one induced by C ∞ -convergence of maps. Attaching the constant disks in this way corresponds to adding boundary points to the global slice. Defining a smooth structure on M W , S B ; J in this way, it is straightforward to see that the evaluation map extends smoothly to the constant disks in M W , S B ; J .
The other singular points we need to consider in M W , S B ; J are bubble trees, each consisting of one holomorphic disk and several holomorphic spheres. If (W, ω) is symplectically aspherical as in case (b), it does not contain any holomorphic spheres, and hence no bubbles can appear. In this case, the compactified moduli space M W , S B ; J will be diffeomorphic to
where Σ is a smooth compact manifold with boundary and corners. If we are in case (a), then bubbling of spheres may occur, but standard index counting arguments using the semipositivity assumption imply that such bubbling is a "codimension 2 phenomenon". The restriction of ev to ∂M smooth is then a pseudocycle, and the restriction to M smooth is a bordism of this pseudocycle to the trivial one. In the absence of bubbling, M W , S B ; J is a trivial disk bundle over the compact base manifold Σ, whose boundary consists of Bishop disks sitting on boundary Finally, we observe that the restriction of ev to ∂M W , S B ; J is always bijective on some subset consisting of Bishop disks, so it is a map of degree ±1 onto S n+m belt whenever ∂M W , S B ; J is a topological manifold. More generally, this implies that the pseudocycle ev| ∂M smooth : ∂M smooth → S n+m belt represents a generator of H n+m (S n+m belt ; Z) whenever it is well defined. The orientability of M W , S B ; J is shown in Appendix A.
Proof of Theorem 1.2. The proof of statement (a) follows directly from Proposition 4.11, using the natural identification between singular homology classes and bordism classes of pseudocycles, see [Sch99, Zin08] .
Statement (b) can be obtained by using part (b) of Proposition 4.11. Since M W , S B ; J is diffeomorphic to a trivial disk bundle, when n+m = 3 or n+m = 4 we can apply Propositions 5.1 and 5.2 respectively from the next section. These can be used to modify the topology of the moduli space, giving rise to a continuous map ev :
belt ) that restricts on the boundary of D n+m+1 to a degree 1 map. The homotopy classes of maps S n+m → S n+m are classified by the degree, hence we can deform ev near the boundary of D n+m+1 to make ev| ∂D n+m+1 a homeomorphism. This implies that S n+1 belt is contractible in W as claimed.
Surgery on moduli spaces
In cases where dim M W , S B ; J ≤ 5, the proof of Theorem 1.2 given in the previous section uses two topological results to conclude that if bubbling is ruled out, then the belt sphere is not only nullhomologous but also nullhomotopic. The idea is to attach handles to the moduli space and extend the evaluation map accordingly so that the original chain filling the belt sphere becomes a ball. Our argument for this will make essential use of the fact that the moduli space is naturally a trivial disk bundle. Note that if Σ is a compact oriented k-manifold with boundary, then using handle attachments to turn Σ × D 2 into a ball cannot succeed unless Σ × D 2 admits an embedding into R k+2 , which cannot always be guaranteed, i.e. in general there are topological obstructions to the applicability of this technique. We will show that these can be overcome if dim Σ ≤ 3.
Proposition 5.1. Let W be a compact manifold possibly with boundary, and let S ⊂ W be an embedded 3-sphere. Assume that Σ is a compact connected orientable surface with non-empty boundary. Let X be Σ × D 2 , and let
be a continuous map, whose restriction to the boundary
is of degree 1. Then it follows that S is contractible in W .
Proof. The surface Σ has a handle decomposition that consists of a 2-disk with finitely many 1-handles attached to it. Since the product of a 2-dimensional handle with D 2 is a 4-dimensional handle of the same index, X = Σ × D 2 is built up by attaching 4-dimensional 1-handles to a 4-ball D 4 . For every 1-handle we can find a closed curve in the boundary of X by pushing the core of the handle into ∂X, and connecting the end points with a path in ∂X that does not intersect any other handle. Moreover since dim ∂X = 3, there is enough space to assume that the loops corresponding to different 1-handles are disjoint. These curves intersect the belt sphere of the corresponding handle exactly once.
Standard Morse theory implies that a k-handle can be canceled out by attaching a (k + 1)-handle along an embedded k-sphere that intersects the belt sphere of the k-handle exactly once. It is thus possible to convert X into a 4-ball by attaching 2-handles, each corresponding to one of the 1-handles.
The map f : X → W can be extended to the newly added 2-handles because ∂X, and hence also the attaching curve, is mapped to S, which is simply connected. In this way we can construct a continuous map
whose restriction to the boundary is still of degree 1. In particular, the restriction f
is homotopic to a homeomorphism between the two 3-spheres ∂D 4 and S, and it follows that S is contractible in W .
Proposition 5.2. Let W be a compact manifold, possibly with boundary, and let S ⊂ W be an embedded 4-sphere. Let Σ be a compact connected orientable 3-manifold with non-empty boundary. Assume that X is Σ × D 2 , and that
is a continuous map, whose restriction to the boundary
Proof. The manifold Σ is an orientable 3-manifold minus a ball. It admits a handle decomposition given by a 3-ball with 1-and 2-handles attached, and we may assume that Σ has been obtained by attaching first the 1-handles and then the 2-handles. As in the proof of Proposition 5.1, it follows that the manifold X is built up by first attaching 1-and then 2-handles to a 5-ball D 5 . Denote by X (1) the intermediate space consisting only of the 5-ball and the 1-handles.
It is easy to find for every 1-handle an embedded loop in ∂X (1) that intersects the belt sphere of the handle exactly once. For dimensional reasons, these loops will be generically disjoint from each other, but they will also generically not intersect any of the attaching circles of the 2-handles. We can cancel all 1-handles of X (1) by attaching 2-handles along the chosen loops. The chosen loops also embed into ∂X, hence we can also kill all 1-handles by attaching 2-handles to X. Note that we could get rid of the 1-handles without choosing a particular framing when attaching the 2-handles; however X is parallelizable (as is any oriented 3-manifold), and using Lemma 5.3 below, we attach the 2-handles in such a way that the resulting manifold is also parallelizable. Since the image f (∂X) lies in the sphere S, we can extend f to the additional 2-handles without changing the degree of f | ∂X .
After the previous step, we will assume that X is a 5-manifold with trivial tangent bundle that has been obtained by gluing 2-handles to the 5-ball. Every embedding of S 1 into S 4 = ∂D 5 is isotopic to a standard one for dimensional reasons (see [Hae63] ), and it follows that the 2-handles are all attached along unknots. Note also that these unknots are unlinked since we may shrink the first unknot into an arbitrarily small ball, so that the other loops will bound embedded disks that are disjoint from this ball.
We may therefore assume that X is the boundary sum of a finite collection of 5-manifolds, each consisting of a 5-ball with a single 2-handle attached along an unknot. The only invariant of each such manifold is the framing of the 2-handle. It is given by a loop in SO(3), which means there are only two choices, corresponding to the two elements of π 1 (SO(3) ). In fact, each of these manifolds is diffeomorphic to either the trivial rank 3 bundle over S 2 or the twisted one, S 2× D 3 . The total space of the twisted one is not parallelizable: it suffices to study T S 2× D
which is obtained by clutching two copies of C ⊕ R 3 over two disks together. The gluing map is e 2iφ ⊕ ψ, where ψ is the nontrivial loop in π 1 (SO(3) ), but since this is the nontrivial element of π 1 (SO(5)), the bundle is not trivial. It follows that X is the boundary connected sum of copies of S 2 × D 3 . We can then also kill the 2-handles by attaching 3-handles, and the map f extends to this new manifold. This proves that S is homotopically trivial in the filling.
The following lemma was used above in the proof of Proposition 5.2.
Lemma 5.3. Let X be a compact parallelizable n-manifold with boundary, and let γ be an embedded loop in ∂X. Assume n ≥ 5. Then one can choose a framing of γ such that the manifold
obtained by attaching a 2-handle H 2 along γ is also parallelizable.
Proof. A framing of γ is an oriented trivialization of the normal bundle ν(γ) of γ in ∂X. Given one framing, any other one can be obtained by multiplying the first one in each fiber with a matrix in GL + (n − 2), i.e. the second framing can be represented with respect to the first one by a map S 1 → GL + (n − 2). We are only interested in framings up to homotopy, hence it follows that all framings are classified by π 1 GL + (n − 2) , and since GL + (n − 2) SO(n − 2), there are only two possible choices.
Choose now a trivialization of T X. Such a trivialization allows us to identify T X| γ with S 1 × R 5 . Any other trivialization of T X| γ can be represented with respect to the first one by a map S 1 → GL + (n), that is, up to homotopy there are only two trivializations of T X| γ , corresponding to π 1 (SO(n)). In particular, any framing (e 1 , e 2 , e 3 ) of ν(γ) extends to a basis (f 1 , f 2 , e 1 , e 2 , e 3 ) of T X| γ , where the vector fields f 1 and f 2 are given by
Here n denotes the outward normal vector field to the boundary ∂X, andγ is the tangent vector field to the loop γ. If this basis is not homotopic to the given trivialization of T X| γ , it suffices to choose instead (f 1 , f 2 , e 1 , cos φ e 2 − sin φ e 3 , sin φ e 2 + cos φ e 3 ), which corresponds to the second framing of γ, but also to the other homotopy class of possible trivializations of T X| γ . It is thus possible to homotope the trivialization of T X into one that coincides close to γ with (f 1 , f 2 , e 1 , e 2 , e 3 ), where (e 1 , e 2 , e 3 ) is a framing of γ.
On H 2 = D 2 × D 3 with coordinates (x, y; u, v, w), the attaching circle {x 2 + y 2 = 1, (u, v, w) = 0} has the obvious framing (∂ u , ∂ v , ∂ w ). If we glue H 2 to X with the chosen framing, then the trivialization (f 1 , f 2 , e 1 , e 2 , e 3 ) extends to (∂ x , ∂ y , ∂ u , ∂ v , ∂ w ), so the manifold X ∪ γ H 2 has trivial tangent bundle, as desired.
Contact structures that are not contact connected sums
In this section we prove Theorem 1.3. The construction we are going to use is inspired by a similar one in [BCS14] , though we do not need the full strength of that paper.
Let M be a closed (2n − 1)-manifold, remove a small open disk D from it, and denote M \ D by M * . The product manifold W = M * × [−1, 1] is compact and has boundary and corners, and after smoothing, its boundary
is diffeomorphic to M # (−M ). We will need the following topological lemma.
Lemma 6.1. Let M be a simply connected closed 5-manifold. Then ∂M * is nullhomotopic in M * if and only if M ∼ = S 5 .
Proof. The "if" part is evident. If ∂M * is null-homotopic in M * , then there is a continuous map
that restricts to a diffeomorphism between the collar neighborhoods of both spaces. We can cap off both the domain of F and M * by attaching a disk, and extend the map F in the canonical way. This way we obtain a continuous mapF :
, then by Poincaré duality (and simply connectedness) there are classes α ∈ H 2 (M ; F) = 0 and β ∈ H 3 (M ; F) such that α ∪ β = 0. ThenF * (α ∪ β) = 0 becauseF has degree 1 and thereforẽ
. This is a contradiction from which we can deduce that H * (M ; F) ∼ = H * (S 5 ; F). Since this isomorphism holds for every field F, the universal coefficient theorem implies that H * (M ) ∼ = H * (S 5 ) over the integers. Then by the five-dimensional Poincaré conjecture (see [KM63] ), M is diffeomorphic to S 5 .
of this connected sum would need to be homotopically trivial in every exact symplectic filling. For the examples we have constructed here, this is not the case by Lemma 6.1.
We remark that, on the other hand, there is no homotopical obstruction to decomposing (M # (−M ), ξ) because ξ is, by construction, homotopic to Ξ # Ξ.
The Weinstein conjecture for subcritical surgeries
We will now prove Theorem 1.4, the existence of contractible Reeb orbits for certain contact manifolds (M , ξ ) obtained by subcritical surgery.
Under either of the first two conditions stated in the theorem, the proof is a trivial modification of the proof of Theorem 1.2, following [Hof93] . Suppose α is the contact form for which we'd like to find a contractible Reeb orbit, and let α denote a second contact form that matches the one given in our Weinstein surgery model near the belt sphere S 2n−k−1 belt . After rescaling α, we can find an exact symplectic structure on R × M that matches d(e t α) on (−∞, −1] × M and d(e t α ) on [−1/2, ∞) × M . We then choose a compatible almost complex structure and, as in Theorem 1.2, study the moduli space of holomorphic disks in R × M attached to {0} × S 2n−k−1 belt ⊂ R × M . If α admits no contractible Reeb orbits, then bubbling is impossible, so the proof of Theorem 1.2 shows that S 2n−k−1 belt will be nullhomologous in R × M , and thus also in M . If n = 3, or n = 4 with k = 3, it also shows that S 2n−k−1 belt is trivial in π 2n−k−1 (R × M ) = π 2n−k−1 (M ). It remains to handle the third condition in Theorem 1.4, which specifically concerns contact connected sums in dimension five. The above argument shows that in this situation, if there is no contractible Reeb orbit, then the belt sphere must be nullhomotopic. But the following theorem of Ruberman [Rub97] says that this can only happen in the cases excluded by the third condition.
Theorem 7.1 (Ruberman). Let M be a closed oriented manifold, and suppose S is an embedded codimension 1 sphere that is nullhomotopic. Then either S is the boundary of a homotopy-ball embedded in M , or M is the connected sum M = N 0 # N 1 of two rational homology spheres N 0 and N 1 , one of which is simply connected, while the other has finite fundamental group.
The proof of Theorem 1.4 is thus complete.
Appendix A. Orientability of the moduli spaces
In this appendix we prove that the moduli spaces used in this paper are orientable. Let us fix some notation which will be used in the proof. Fix a real number p > 2. Let B denote the space of pairs (b + , u) where:
• b + ∈ D The linearized Cauchy-Riemann operator at (b + , u) ∈ B (or to be more precise, the vertical differential of the nonlinear Cauchy-Riemann operator, as defined in [MS04] ), will be denoted D (b + ,u) . Recall that this depends on a choice of connection on W , though it is independent of this choice whenever u is J-holomorphic. We define det
The determinant bundle D → B is the real rank-one bundle whose fiber at (b + , u) is det D (b + ,u) . In order to prove that the moduli space M int ( W , S B ; J) is orientable, it suffices show that D → B is trivial.
To better understand the determinant bundle we take a closer look at the linearized Cauchy-Riemann operator. The tangent space T (b + ,u) B consists of sections ξ ∈ W 1,p (u * T W ) such that, for all x ∈ ∂D 2 , they satisfy ξ(z) ∈ T u(z) S n+m belt and moreover the projection of ξ(z) to T b + D m r is independent of z ∈ ∂D 2 . It contains the subspace T u B b + ⊂ T (b + ,u) B which is defined as
and therefore we can identify, in a coherent but noncanonical way, belt ⊕ R can be pulled back to an orthonormal trivialization ν 0 of F . We can also regard ν 0 as a unitary trivialization of E| S 1 ×∂D 2 , because F is a Lagrangian subbundle of E| S 1 ×∂D 2 . However ν 0 does not extend to a unitary trivialization of E. In fact it does not extend to the meridian disks of S 1 ×D 2 , because (E θ , F θ ) has Maslov index two. We choose a map A : ∂D 2 → U (n) such that the trivialization ν defined as ν(θ, z) = A(z) −1 ν 0 (θ, z) extends to a trivialization of E over any meridian disk. (Of course the new trivialization is no longer an orthonormal trivialization of F .) We extend ν to a trivialization of E on a regular neighborhood of (S 1 ×∂D 2 )∪({θ 0 }×D 2 ) for a fixed θ 0 ∈ S 1 . The complement of this neighborhood in S 2 × D 2 is a ball. We can extend ν inside this ball because π 2 (U (n)) = 0.
Then ν defines an isomorphism (E, 
